®

Check for
updates

A Compensated Estrin Scheme
for Accurate Polynomial Evaluation

Guangping Yu', Stef Graillat>®), Hao Jiang', Chun Huang!, and Tao Tang'

! College of Computer Science and Technology, National University of Defense
Technology, Changsha 410073, China
{yuguangping,haojiang, chunhuang,taotang84}@nudt.edu.cn
2 Sorbonne Université, CNRS, LIP6, 75005 Paris, France
stef.graillat@lip6.fr

Abstract. Polynomial evaluation is ubiquitous in scientific comput-
ing, yet simultaneously achieving high performance and numerical accu-
racy remains challenging. Traditional methods such as Horner’s scheme
are efficient but inherently sequential, while the Estrin scheme offers
a parallel-friendly evaluation tree structure but does not inherently
improve accuracy. This paper introduces a compensated Estrin scheme
that combines the low-depth evaluation tree of the Estrin method with
error compensation techniques based on error-free transformations. The
proposed algorithm dynamically tracks and compensates for rounding
errors at each stage of the evaluation, delivering accuracy close to double-
double precision arithmetic while using only binary64 error-free trans-
formations. A rigorous rounding error analysis proves that the relative
forward error is bounded by u + cond(p, z) - O(u?), where u is the unit
roundoff and cond(p, x) is the condition number of the polynomial evalua-
tion. Numerical experiments on ill-conditioned polynomials demonstrate
that the compensated Estrin scheme maintains high accuracy over a
much larger range than the standard Estrin scheme, up to the regime
where the condition number is too large for any binary64-output twice-
working-precision-like method to remain accurate, providing a practi-
cal and efficient solution for accurate polynomial evaluation on modern
architectures.

Keywords: Polynomial evaluation - Estrin scheme - Error
compensation + Numerical accuracy

1 Introduction

Polynomial evaluation arises in interpolation, root-finding, finite element meth-
ods, elementary-function implementation, polynomial composition, and certified
floating-point code generation [21-23,28,30]. Its accuracy is usually analyzed
with condition numbers and rounding-error models [15,25]. Horner’s scheme
[13] minimizes arithmetic operations but is sequential. Estrin’s scheme [4,6,29]
reduces the dependency depth to O(logn), making it attractive on vector,
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SIMD, superscalar, and parallel architectures [7], but it does not by itself
improve numerical accuracy. Accurate and validated polynomial and rational-
function evaluation has therefore been studied through compensated and related
approaches [9,12]. Compensated algorithms, which use error-free transforma-
tions to track rounding errors and apply compensation, have been shown to
deliver high accuracy without resorting to higher precision arithmetic. Exam-
ples include compensated Horner schemes [10,13], accurate summation and dot-
product algorithms [27,32], accurate products and exponentiation [8], and faith-
fully rounded computations [20].

The compensated Estrin case is less direct than the compensated Horner
case. Horner’s scheme has a single sequential recurrence, so the local residual at
one step is propagated through one following multiply-add chain. In contrast,
Estrin’s scheme has a tree structure: residuals produced at different nodes must
be merged across levels, and the powers used by the tree are obtained by succes-
sive squarings whose own residuals also affect later levels. The algorithm below
is therefore not just a reparenthesized compensated Horner scheme; it gives an
explicit recurrence for the local products, sums, and squaring residuals in the
Estrin tree.

The intended interface remains binary64 input and binary64 output; only the
internal residual tracking is changed. This distinguishes the goal from gen-
eral faithful-rounding frameworks such as the expression-tree approach of
Lange and Rump [20], whose pair-arithmetic results apply under the no-
inaccurate-cancellation framework. Related compensated summation, dot prod-
uct, and MPI reduction implementations also show that error-free transforma-
tions can be effective on modern hardware [14,16].

We introduce a compensated Estrin scheme that combines the evaluation tree
structure of the Estrin method with error compensation techniques. The main
contributions are an Estrin-specific compensated recurrence, an operation count
and condition-number forward-error bound of the form u + cond(p, z)O(u?), a
matching error analysis for the double-double Estrin baseline, and experiments
comparing standard Estrin, Horner, compensated Horner, compensated Estrin,
double-double Estrin, and binary128 Estrin evaluations.

2 Preliminaries

This section fixes the notation used in the error analyses.

2.1 Floating-Point Arithmetic

We assume floating-point arithmetic that conforms to the IEEE 754 standard
[17], with round-to-nearest ties-to-even. The rounding-error analysis is carried
out in the standard normal-range model: equivalently, the exponent range is
treated as unbounded, or all exact intermediate results and rounded results con-
sidered in the analysis remain normal, with no overflow, underflow, or subnor-
mal result. The set of normal floating-point numbers in the working precision is
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Algorithm 1. TwoSum

1: function TwoSuM(a, b)

2: r—adb

3 z—r6a

4 y—(ao(zcz)d(boz)
5: return (z,y)

6: end function

denoted by F and the unit roundoff by u. For a,b € F and any basic operation
o € {+, —, x} whose exact nonzero result remains in this range, the floating-
point result satisfies

flaob) = (aob)(1+8), |0]<u (1)

This implies
laob—fl(aocb)| <wulaobd|. (2)

For bounding the accumulation of rounding errors, we use the standard quan-

tity
nu

Tn = (3)

1—nu’

for nu < 1, see [15].

2.2 Error-Free Transformations and ~,-Notation

Error-free transformations (EFTs) decompose a floating-point operation into a
rounded result plus an exact compensating term. We use standard EFTs such
as TwoSum and TwoProduct [5,19,25,26].

Lemma 1 (TwoSum and FastTwoSum [19]). Given a,b € F, the function TwoSum
returns x,y € F such that
a+b=x+y.

TwoSum uses 6 flops and has © = fl(a+b); FastTwoSum uses 3 flops under the
assumption |a| > |b].

Lemma 2 (TwoProduct [5]). Given a,b € TF, the function TwoProduct
returns x,y € ¥ such that
a-b=x+y.

The equality is exact, with x = fl(a - b). The standard Dekker implementation
uses the splitting technique of [5]; it costs 17 FLOPs in the operation-count model
used below.



A Compensated Estrin Scheme for Accurate Polynomial Evaluation 419

Algorithm 2. TwoProduct (Dekker Version)

1: function TwoProODUCT(a,b)

2: rT—a®b

3: split a into ap + a; and b into by, + b;

4: y— ((ah@brox)Dan @b @ a®br) ®ar® b
5: return (z,y)

6: end function

Total: 17 flops.

Algorithm 3. TwoProduct (FMA-Based Version)

1: function TWOPRODFMA (a,b)
2: T—a®b

3: y «— FMA(a,b, —x)

4: return (z,y)

5: end function

Total: 2 flops.

Lemma 3 (FMA Properties [2,3,26]). The Fused-Multiply-and-Add (FMA)
operator computes FMA(a,b,c) =fl(a-b+ c). Assuming no underflow/overflow
occurs, it satisfies:

FMA(a,b,c) =(a-b+c)(1+ 1)
a-b+c
= — 0| <. 4
o AR (@)
This operator is specified in IEEE floating-point arithmetic [17] and enables more
efficient error-free transformations.

The following lemma fixes the standard ~,, notation for products of rounding
factors, following Stewart [31].

Lemma 4. Let |6;| <wu fori=1,...,n and nu < 1. Then

n

H(1+5i) =1+ 0y, ‘9n| < Yns (5)

=1

where 7y, is defined in (3). Moreover,

(LT4+7) A +7) ST+, (+w) 7y < i (6)

Throughout the paper, each occurrence of the symbol (k) denotes some prod-
uct of k factors of the form (1 + §;) with possibly different local rounding errors
satisfying |d;| < u. Thus each occurrence satisfies (k) = 1+ 6 with |6x| bounded
by v%. When two such placeholders are multiplied, we write the result as a new
occurrence of (i + j), meaning only that the product contains ¢ + j rounding
factors and therefore has the corresponding ;4 ; bound; this is a bounding con-
vention, not an identity between fixed products of preselected rounding errors.

These tools will be used repeatedly to bound the accumulation and propa-
gation of rounding errors in the Estrin and compensated Estrin schemes.
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Algorithm 4. Estrin Algorithm

1: function ESTRIN(C, )
2: n « length(C) — 1

3: L — |logy(n)] +1

4: Y<—

5: for j=1to L do

6: m «— [n/2]

7 for i = 0 to m do

8: if 204+ 1 <n then

9: D; — Coi 4+ Coiv1 -y
10: else

11: D; «— Cy;

12: end if

13: end for

14: C«— D, n«length(D)—1
15: if n =0 then
16: break
17: end if
18: y—y-y
19: end for

20: return Cy
21: end function

3 Estrin Scheme

The Estrin evaluation scheme restructures a polynomial to reduce the depen-
dency depth and obtain a low-depth evaluation tree.

3.1 Estrin Algorithm

Consider a degree-n polynomial

p(x) = ZCZ' . (7)

Estrin scheme groups terms at powers of two as follows. The corresponding
floating-point evaluation algorithm is summarized in Algorithm 4 [6].
For example, for p(x) = Cq + C1z + C2? + C323, Horner’s scheme evaluates

(((03117 + 02)!19 + Cl)l' + Co),
which is a single dependency chain. Estrin’s scheme instead evaluates
(Co + Clx) + (02 + 0323')33'2,

so that the two linear factors can be evaluated independently before the final
merge. This illustrates the lower-depth tree structure used below.

Estrin scheme reduces the evaluation depth from O(n) to O(logn) at the
cost of a modest increase in arithmetic operations.
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3.2 Error Analysis of Estrin Scheme

To derive a rounding error bound for the Estrin scheme, we use the “error
counter” notation introduced in Sect.2.2. Namely, (k) denotes a product of k
rounding factors and satisfies (k) = 1460 with || < 7x. The following theorem
records the forward-error bound used as the baseline for the new compensated

analysis.
We also recall the usual condition number for polynomial evaluation, see [15]:
2io |Cill[’
cond(p,x) = ==———. (8)
[p(2)]

Theorem 1. Let p(z) = >, Ciz" be a polynomial of degree n with coefficients
C; € F. For any x € F, let p(x) denote the result obtained by applying the Estrin
scheme to p at x in floating-point arithmetic. The relative forward error bound
satisfies
p(z) — p(a)]
p(2)]

where cond(p, x) is given in Eq. (8).

S ’YI_logz(n)J +n+1 COIld(p, x)v (9)

Proof. The Estrin scheme evaluates a polynomial p(z) = Cy + Cix + Cox? +
- -4+CpLa™ by decomposing it into subexpressions. For a degree-three polynomial,
using relative error counters, the computation can be written as

P3(z) = [(Co + C1z(1))(1) + (C2 + Cz(1)){1)2*(2)(1)

) (10)
= Co<2> + C’lx<3> + Cox <4> + Cs <5>

Similarly, we derive

( pa(z) = Co(3) + Crx(4) + Cox®(5) 4+ Csz°(6)
+ Cy2*(5),
Ps(x) = Co(3) + Cra(4) + Cax?(5) + C32°(6)
+ Cyx*(6) + C52°(7),
Po(z) = Co(3) + Crz(4) + Coz®(5) + C32°(6)
L + Cuz*(7) + C52°(8) 4 Csx°(9).

\

By induction on the Estrin tree depth, one can show that for a degree-
n polynomial, the term z° is multiplied by an error counter (k;) where k; <
|log,(n) | +i+1. Therefore, the largest error counter occurs for 2™ and is bounded
by [logy(n)] +n+ 1.

Thus we obtain:

pn(z) = Co([logy(n)] + 1) + Cra([logy(n)| + 2)
+ -+ Cpa"(|logy(n) | +n + 1).
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By Lemma 4, the error terms satisfy |0x| < ~x. Hence the forward error
bound for the Estrin scheme is

|p($) - ]/9\(33)’ < Ylog,(n) |+n+1 Z ‘Cl||x|l (13)
1=0

Define the auxiliary polynomial p(z) = Y. |Ci|z*. Then the right-hand side
equals v|iog, (n)|+n+1P(|7|). The relative error bound becomes

~,

p(a) - )] ()
pl@)] - Homnlmel o (14)

The condition number cond(p, x) is defined as

cond(p, z) = p(l=]) — > i |Cillz]*
= )]~ o G|

Substituting this definition yields the inequality stated in the theorem.

4 Compensated Estrin Scheme

In finite-precision arithmetic, the accuracy of numerical algorithms is fundamen-
tally constrained by rounding errors in floating-point operations. This section
derives Algorithm 5 and gives the new compensation-error and forward-error
analysis for it.

4.1 Error Decomposition for Compensation

At the first level we set 1 = x and p; = 0. For j > 1, 4; denotes the floating-point

approximation to x2j_1, and p; denotes the accumulated first-order residual of
this power. Thus, up to terms of second order in u,

22 =G+ pj + OzP ). (16)

The residual p; is not only the last local TwoProduct residual. It also contains
the first-order effect of previous squarings. Specifically, if

[Yj+1,mj4+1] = TwoProduct(y;,y;),
then |
o~ J
pi+1 = i1 + 2505 + O(u?lz[*). (17)

The algorithm evaluates the right-hand side of (17) in floating-point arith-
metic; since 7;41 and p; are already first-order quantities, the rounding made
in this update contributes only to the second-order compensation error.
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Let C’i(j )* be the exact value of the i-th Estrin subtree after j levels, with
C’i(o)’* = ;. At level j the exact merge is

P =g oy e (18)

In the algorithm we have the floating-point approximations C\Y _1), CY _1), and
24 27+1
y;. Applying the two error-free transformations yields
(s, ] = TwoProduct(CY 1, 7)), (19)
[bi,ﬁi(j)] = TwoSum(ég_l), Si). (20)

The computed floating-point result is @U ) = b;. From the defining properties
of EFT we obtain the exact representation

O =G5l + O35 — (o +87) - (21)

4.2 Compensated Estrin Algorithm

Define the first-order subtree error by
Cz'(j)’* _ ai(j) + GCZ-(j) + O(UZWi(j)), (22)

where Wi(j ) is the local absolute weight of the subtree. Using (16), the first-order
exact merge at level j is

CP" = Oy + Gyl )T+ €0yl + 0y T + Gl oy + O W), (23)

The omitted product eC’éf;ll ) p; is second order. Combining (23) with (21) shows
that the first-order local residual is

eDZ(j) = ozgj) + ﬁi(j) + ag(fill)p] (24)

(7)

This separates the local product and sum residuals a;;”” + ﬁi(j ) from the accumu-

lated power residual p;.
Define the first-order cumulative error at level j as eCZ-(j ). At the final level,

p(z) - Blz) = eCg" + 0?3 |Cilla]).

2

Therefore evaluating and adding the compensation term removes the first-order
part of the Estrin rounding error. The error satisfies the recurrence:

eC =D +eCf™V e -7, (25)

with local error eng) = ﬁi(j) + agj) + 6%;11) - p; and initial condition eCZ-(O) = 0.

This recurrence enables iterative computation of the total error eC((]L).
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The compensated algorithm tracks both the approximate coefficients @(J )

and the accumulated errors G/E'EJ):

Algorithm 5. Compensated Estrin Algorithm

1: function COMPESTRIN(C, x)
2: d < length(C) — 1

30 L — [logy(d)] +1

4: cO ¢

5: Y1 —x

6: p1 <0

7 6/5'(0) —0

8: for j =1to L do

9: m « [d/2]

10: for : =0to m do

11: if 2i +1 < d then

19 [s4, az(-j)] — TwoProduct(@éz:ll),ﬂj)
13: [bi, 8]  Twosum(C5] ™", 5:)

14: éi(j) — b

15 D — (87 @ o) @ (CYLY @ p))
16: else

17: @Z(j) — 5’53_1)

18: Dy’ —0

19: <) — ey
20: end if
21: if 2i+1 < d then
2: < — D weoy e (i 03
23: end if
24: end for
25: d—m
26: if 7 < L then
97 [Yj+1,7Tj+1] < TwoProduct(y;,y;)
928: pi+1 — Ti+1 D (2R 7;) ® pj)
29: end if
30: end for

~ —~(L
31: return CéL) @ EC(() )
32: end function

With the standard 17-FLOP TwoProduct, the algorithm requires
19|logy(n)| + 29n + 1 floating-point operations: 29 FLOPs for each of the n
paired Estrin merges, 19 FLOPs for each compensated power update, and one
final addition. The p; update is essential: it carries the first-order residuals from
the repeated squaring of the powers used by the Estrin tree. Without this term,
the algorithm would be only a local compensation of the merge operations and
would miss one source of first-order error.
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4.3 Rigorous Error Analysis

The analysis separates the first-order residual generated by the Estrin tree from
the rounding error incurred when that residual is evaluated. The recurrence
above represents the exact first-order term eC(()L), including the residuals from
paired Estrin merges and from repeated squaring of the powers, and the algo-

—~ (L
rithm computes its floating-point approximation eC, ). Theorem 2 bounds this
latter evaluation error, and Theorem 3 gives the resulting forward-error bound
for CompEstrin.

—~(L
Theorem 2 (Compensation Error Bound). Let eC(() : denote the computed

compensation term and eC(()L) the exact first-order error term, where L is equal
to |logy(n)] + 1. Put

K, = |logs(n)| +n+1, M, =2[logy|n/2]] + 6.

Assuming n > 2, K,u < 1, M,u < 1, and no underflow or overflow occurs, we
have:

) —=(D i ;
eCS" —€Cy | < 29,7k, Y |Cillal (26)
=0

where vy, = ku/(1 — ku).

Proof. We write the exact compensation recurrence and the computed recur-
rence with consistent indices. Let dy = n and d; = [d;—1/2], matching the
scalar degree counter d in Algorithm 5. At level j, for each paired merge satis-
fying 2¢ +1 < d;_1, define the local exact residual

e = + 89 + T Pp;. (27)

(7)

For an unpaired term we set e;”” = 0. Then the exact compensation satisfies

€9 = ) 1™ 1 ey, (28)

with the last term omitted for an unpaired merge. The algorithm evaluates the
same recurrence in floating-point arithmetic. Applying the ~-notation to this
depth-L evaluation tree gives

eCs™ — EC(()L)| < YologyLnszlj4e Dl |w, (29)
(J)ez
where 7 is the set of paired merges and ng ) is the absolute weight accumulated
from that node to the root of the Estrin tree. These weights are products of
powers of |z| and sum against the corresponding coefficients in the same way as
in the proof of Theorem 1.
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It remains to bound the size of the exact first-order compensation. The residu-

als al(j ) and @U ) are the first-order product and addition residuals of the standard
Estrin merge. The power residuals satisfy, by (17) and Lemma 4,

i—1 j—1
0j| < yi-ialzl* + O |z* ).

Therefore the terms ez(-j ), propagated with the weights w,gj ), are precisely the first-

order residuals of the standard Estrin evaluation, including the residuals from
the repeated squaring of the powers. Repeating the absolute-value propagation
used in Theorem 1, and using a conservative factor 2 to absorb the separation
between local merge and power residuals, gives

n
ST e < 29k, |Gl (30)

(7,0)eT =0

Combining (29) and (30) gives

L) & ;
cC§™ — eCy | < 2nan, vk, S |Gl (31)
1=0

which is the desired bound.

Theorem 3 (Forward Error Bound). Letp(z) = >, Ciz’ be a polynomial
and p(x) its evaluation via the compensated Estrin algorithm. For n > 2, the
relative forward error satisfies:

~,

Ip(z) — p(=)]

(@] < wu+ 2" cond(p,x), (32)

where K, and M, are defined as in Theorem 2, I' = -~y VK,+1, and
cond(p,z) = (31—, |Cil|z|*) /Ip(z)| is the condition number.
Proof. From Theorem 2 and the definition of the compensated result, we have:
|Ccomp - p(l‘)‘ < u|p(9§)] + 2(1 + U)IYM,L’VKR Z ’CZH‘TV (33)
i=0

Since Ceomp = p(x) and, for the relevant range where the y-notation is
defined, (1 4 u)vx < k41 with k = K, it follows that:

p(z) — p(2)| < ulp(x)] + ZFZ |Cil|z]". (34)

Dividing both sides by |p(z)| and applying the definition of the condition
number yields the stated bound.
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5 Double-Double Estrin Scheme
5.1 Double-Double Arithmetic

A double-double number is a normalized double-word number represented as the
unevaluated sum of two floating-point numbers:

a = ap + a, (35)
where ap, a; € F and, for nonzero a, the leading component satisfies
ap = RN(ah + al). (36)

RN denotes rounding to nearest in the working binary64 format. The exact zero
is represented by (0, 0). Such double-word and multiple-precision representations
are standard in software extended-precision systems [1]. Here we use the nor-
malized double-word definition from the error analysis of Joldes, Muller, and
Popescu [18]. It implies the usual nonoverlap relation |a;| < u|ap| under the
normal-range assumptions, but the nonoverlap inequality alone is not used here
as the definition.

Basic operations on double-double numbers are built from standard error-
free transformations such as TwoSum and TwoProduct [18]. We use the pub-
lished double-word addition and multiplication kernels of Joldes, Muller, and
Popescu [18], together with the later formalization and refinements of Muller
and Rideau [24], as baseline building blocks rather than restating their full algo-
rithms. For normalized inputs, the accurate double-word addition kernel returns
rh, 7 such that

3u?
1—4u’

rh+ 1= (a+0b)(1+¢cadd), [€add| < Madds Nada = (37)
The standard double-word multiplication kernel satisfies, for a nonzero exact
product,

Th + 1= (CL : b)(l + 6rnul)7 |5mul‘ S Mmul, Mmul = 7u2 + O(U3) (38)

Exact-zero cases are interpreted through the corresponding exact-zero state-
ments of the cited kernels. Thus the internal arithmetic has no first-order rela-
tive error while the result is kept as a double-word pair; only conversion back to
one binary64 number introduces the usual order-u rounding term.

5.2 Double-Double Estrin Algorithm

Using double-double arithmetic, we can implement an accurate Estrin scheme by
replacing each floating-point addition and multiplication in the standard Estrin
algorithm with their double-double counterparts. Coefficients are embedded as
exact normalized double-word pairs at the beginning, and all intermediate quan-
tities are kept in double-double format until the final pair is formed. To match
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the binary64 input/output interface used in the reported experiments, the algo-
rithm returns the leading component of this final pair. Thus the double-double
baseline is deliberately the same Estrin tree evaluated with the cited double-
word kernels. Its final internal double-word pair is (pp,p;). Because this pair is
normalized, the returned component py, is the round-to-nearest binary64 value of
pr+p;- The analysis below separates this final binary64 output from the internal
double-word result.

For the Estrin-level analysis, we collect the published kernel bounds into the
following model. Let

Npp > max(Nadd, Mmul)- (39)

Then each nonzero double-word addition or multiplication returns the repre-
sented double-word value

z=(aob)(1+9), [6]<mpp, o€ {+ x}, (40)

where z denotes the unevaluated sum of the returned pair. Exact zero cases are
interpreted through the exact-zero statements of the corresponding kernels. For
the kernels above, 7pp = O(u?). We use the same product-counting argument
as in Lemma 4: a product of k£ such factors is 1 + GI?D, with

kEnpp

6 ’_1_]‘;77DD

(]{777]:)]3 < 1). (41)
Theorem 4 (Forward Error Bound for Double-Double Estrin)

Let p(z) = > ,Ciz" withn > 1, C;j,x € F, and p(x) # 0. Suppose that the
normal-range assumptions hold, the inputs are embedded exactly as normalized
double-word pairs, and the double-double kernels satisfy the model above. Let
(ph, p1) be the final internal double-double pair formed by the double-double Estrin
baseline, and let pygqa(x) = pr+p; be its represented real value before the algorithm
returns the binary6j component pp. Put

K, = |logyn| +n+ 1. (42)
If K,npp < 1, then

Ip(z) — Paa(z)| < K,npp
Ip(x)| ~ 1-K,npp

cond(p, x), (43)

so0 the standard Estrin K, -factor is multiplied by an O(u?) double-double kernel
error. Since the baseline returns the high component py, of the normalized final
pair as the final binary6j value, we also have

_ K,
[p(x) — pal <u+t(1+u) NDD

(@) 1= Kynpp @ 2), (44)

and hence the binary64-output error is u + cond(p, x)O(u?).
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Proof. Since C;,z € F, representing them by the pairs (C;,0) and (x,0) gives
exact normalized double-word inputs. The standard Estrin proof in Theorem 1
counts, for each monomial contribution, the rounded multiplications used to form
the relevant powers and the rounded additions used to merge the evaluation tree.
The same count applies here, with the binary64 local rounding factor replaced
by the double-double kernel factor bounded by npp.

Indeed, the powers used by the Estrin tree are obtained by repeated squaring.
The power 22" used at level j therefore contains at most 27~ —1 double-double
product factors: each squaring doubles the inherited factors and contributes one
new kernel factor. Hence the products needed to form the monomial C;z° con-
tribute at most ¢ double-double kernel factors. The partial value containing this
monomial is then merged through at most |log, n] + 1 double-double additions.
Thus each monomial reaches the root with at most K,, = |log, n] +n+ 1 kernel
factors, and the final internal pair can be written in the same perturbation form
as

_ N K,
Paa(x) = Y Cia'(1+6PP),  |oPP] < =20 I;’DD . (45)
i—0 nTIDD

Subtracting the exact value p(z) =Y, C;z" yields
() — Fuae)| < 3 Cillaf16PP] < 2D S el (ag)
— 1 = Kyipp =

and division by |p(x)| gives the first stated bound through (8). Since the selected
double-double kernels satisfy npp = O(u?), the pair-output bound has the stan-
dard Estrin K,-dependence with u replaced by an O(u?) kernel error.

For the final binary64 output, let r = pgq(x) = pp + pi. The reported value is
the high component py. Since the final pair is normalized, p;, = RN(r); equiva-
lently, |p;| = |r — pr| < u|r| under the same normal-range assumption. Therefore

[p(x) —pu| < |p(z) — 7|+ |r —pal
= [p(z) = r[ + [p1]
)

47
< Ip(a) — 7|+ ulr o
< ulp(@)| + (1 + u)|p(z) —r|.
After division by |p(x)| and using the pair-output bound,
Ip(x) — p| K,mpp
———— <u+ (1 4+u)—————cond(p, ). 48
(@] 04 TR 40> 7) (48)

This is u + cond(p, )O(u?), which proves the binary64-output statement.

A straightforward operation count shows that the Estrin algorithm in double-
double precision is substantially heavier at the kernel level. With a standard
17-FLOP TwoProduct and 3-FLOP FastTwoSum, the cited multiplication and
addition kernels cost 24 and 20 FLOPs, respectively. Thus the double-double
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Estrin baseline uses about 44n + 24|log,(n)| such FLOPs, up to small loop and
final-conversion terms. For timing, we report both a Dekker-kernel implementa-
tion and a hardware-FMA-kernel implementation. Their operation-count models
differ only in TwoProduct: 17 FLOPs for Algorithm 2 and 2 FLOPs for Algo-
rithm 3.

6 Experimental Results

This section compares standard Estrin, Horner, compensated Horner, compen-
sated Estrin, double-double Estrin, and binary128 Estrin evaluations.

6.1 Experimental Setup

Unless explicitly stated otherwise, the polynomial-evaluation algorithms use
IEEE binary64 input and output. Reference values, relative errors, and con-
dition numbers are computed with MPFR at 256-bit precision; MPFR is used
only as the reference backend and is not included as an evaluated or timed poly-
nomial algorithm. The binary128 comparison uses a standard Estrin evaluation
performed with GCC __float128 arithmetic. On the tested x86_64 platform this
binary128 baseline is implemented through the GCC quad-precision runtime and
libquadmath, not MPFR arbitrary-precision arithmetic. To obtain a challenging
accuracy test case with increasing ill-conditioning, we consider the polynomial
p(x) = (x—1)" for degrees n = 3,4, ...,42, evaluated at the point x = fi(1.333).

The timing results were measured on the XG41 server with an Intel
Xeon Gold 6430 processor and GCC 13.3.0. The Dekker timing was com-
piled with -03, -march=native, -fno-fast-math, and -ffp-contract=off; the
hardware-FMA timing additionally used -mfma. The generated assembly was
checked to contain scalar FMA instructions for the hardware-FMA path. This
prevents implicit FMA contraction in the Dekker benchmark while making the
second benchmark a hardware-FMA benchmark. Each reported time is aver-
aged over repeated evaluations. The pure timing benchmark for CompEstrin
and double-double Estrin uses well-scaled deterministic random coefficients at
x = 0.875, runs degrees 8 < n < 4096, and excludes MPFR, binary128 arith-
metic, and error computation from the timed loop. The implementation used in
the experiments is available at https://github.com/yuguangping/CompEstrin.

This classical test has rapidly growing condition number when z is close
to 1. Accuracy is measured by the relative forward error |p(x) — p(z)|/|p(z)|,
and cond(p, x) is evaluated as in Sect. 3. Figure 1, Table 1, and Fig. 2 summarize
the accuracy, kernel-count, and scalar timing results.

6.2 Results and Discussion

For small degrees, all schemes yield relative errors close to the unit roundoff u. As
n grows, standard Estrin follows the behavior predicted by Theorem 1, with lin-
ear dependence on cond(p, x) up to a factor of order V[log,(n)]+n+1- Compensated
Estrin remains close to u over a much wider range and is consistent with Theorem 3,
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Fig. 1. Relative forward error versus the condition number for standard binary64
Estrin, Horner, the compensated Estrin scheme, and the double-double Estrin scheme,
for p(z) = (z — 1)" evaluated at = = f1(1.333).

Table 1. Representative accuracy and theoretical Dekker-kernel cost comparison. Rel-

ative errors are computed against 256-bit MPFR reference values for p(z)

(z —1)"

at x = f1(1.333). The theoretical kernel-count ratios use CompEstrin as the baseline.

A dash means that the binary64 Dekker-kernel count model does not apply.

n lcond(p, ) method relative forward error|theoretical binary64 Dekker kernel
count / CompEstrin

8 15.80x10° |CompEstrin 6.73x10~ 7 1.00

8 15.80%x10° |double-double Estrin  16.73x10717 1.46

8 15.80x10° |GCC __float128 Estrin/9.47x1072° —
16/3.37x10"®|CompEstrin 3.79x107*7 1.00
16/3.37x10'3/double-double Estrin  13.79x 1077 1.48
16/3.37x10"*|GCC __float128 Estrin/1.12x10~%? —~
24/1.96x102°|CompEstrin 4.06x10713 1.00
24/1.96x10°|double-double Estrin  11.32x10™*3 1.49
24/1.96x10?°|GCC __float128 Estrin/6.23x107'¢ —
32/1.14x10?7|CompEstrin 6.01x1077 1.00
32/1.14x10%"|double-double Estrin  |1.45x107° 1.49
321.14x10%"|GCC __float128 Estrin/1.10x10~8 —

4213.23%10° CompEstrin 3.96x10% 1.00

42/3.23x10%° double-double Estrin  |1.74x10? 1.50

42/3.23x10%° GCC __float128 Estrin4.20x107! -
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whose leading terms are u+cond(p, £)O(u?). The binomial stress test is stopped at
n = 42, where cond(p, z) ~ 3.23 x 103%; beyond this regime no binary64-output
twice-working-precision-like method is expected to stay close to w.

Table 1 uses CompEstrin as the baseline for the theoretical binary64 Dekker-
kernel ratios. The ratio is Npp(n)/Ncgr(n), where Ncg(n) = 19|logyn| +
29n + 1 and Npp(n) = 44n + 24|logyn]. With a hardware-FMA-kernel
TwoProduct, the corresponding counts are NEMA(n) = 4|logy n| + 14n + 1 and
NEMA () = 29n + 9|log, n|. The table tabulates the Dekker-kernel ratio only;
Fig. 2 shows both kernel choices in the scalar timing benchmark (see Table 1).

(a) Pure timing (b) Ratio to CompEstrin
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Fig. 2. Pure scalar timing benchmark at z = 0.875 with deterministic random coeffi-
cients. Panel (a) reports nanoseconds per evaluation for 8 < n < 4096 using Dekker and
hardware-FMA TwoProduct kernels. Panel (b) compares the measured double-double
Estrin/CompEstrin time ratios with the corresponding theoretical binary64 FLOP-
count ratios.

Table 2. Additional accuracy tests for alternating-sign, random, and Chebyshev poly-
nomials at = f1(1.333). The last column is the standard Estrin relative forward error

divided by the CompEstrin relative forward error.

family n cond(p, x) Estrin error/Horner error/CompEstrin error[improvement factor
alternating/8 14.71 3.33x1071611.81x107 16 12.89x 10717 11.5
alternating/16/4.00 5.02x1071611.51x10716 12.38x 1017 21.1
alternating 32/4.84 1.14x1071%14.84x 1071 [3.77x10™ 17 30.1
alternating 42/6.60 1.00x1071%11.29x107 ¢ 4.65%x10~ 7 21.6
random |8 133.3 3.65x1071611.44x 10715 |7.22x107*® 50.5
random  |16/22.5 5.96x107612.74x107° 14.80x10™ 7 12.4
random 321291 3.19x107119.90x 10716 13.82x 1077 834
random  42/9.99 3.94x1071915.95x107 ¢ 16.09x 1078 64.7
Chebyshev|8 111.3 4.00x1071%11.90x107*% 16.44x107'® 62.1
Chebyshev|16/128 2.16x1071%12.72%x 10715 7.08x10717 30.5
Chebyshev|(32/1.65x10* 13.02x107**13.73x107*% 1.47x10~'7 2.05x10%
Chebyshev 42/3.42x10° 4.42x10'*15.40x10~*? 13.06x 107 1.44x10*
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Figure2 shows that, in this scalar C benchmark, double-double Estrin is
slower than CompEstrin for both kernel choices. With the Dekker TwoProduct,
the measured double-double Estrin/CompEstrin ratio ranges from 1.38 to 1.82;
it is above the corresponding FLOP-count ratio (=~ 1.46-1.52) at ten of the
twelve tested degrees. With the hardware-FMA TwoProduct, the measured ratio
ranges from 1.48 to 2.33. It is below the hardware-FMA FLOP-count ratio
(~ 2.07) for the smaller degrees and above it for n > 256. Thus the opera-
tion counts should be read as kernel-level references rather than pointwise tim-
ing predictions; exposed independent subexpressions, latency, throughput, and
instruction scheduling also affect the measured time [7]. This distinction is con-
sistent with FMA-based compensated-Horner experiments, where the measured
slowdowns of CompHornerFMA and DDHornerFMA over HornerFMA are reported
separately from the theoretical FLOP-count ratios [11].

Table 2 reports additional accuracy tests for alternating-sign, random, and
Chebyshev polynomials. These results indicate that the improvement is not spe-
cific to the binomial stress test. Across the tested alternating-sign, random, and
Chebyshev families, CompEstrin consistently reduces the relative forward error
compared with standard Estrin, while Horner is not uniformly more accurate
than either Estrin variant.

7 Conclusion

This paper has presented a compensated Estrin scheme for polynomial evalua-
tion in floating-point arithmetic. The method combines the low-depth evaluation
tree of the Estrin scheme with error compensation based on error-free transfor-
mations. A detailed forward error analysis shows that the compensated scheme
satisfies a bound of the form

|p(x) — CompEstrin(p, x)|

p()]

This indicates that the computed result is nearly as accurate as if p(x) were
evaluated in twice the working precision and then rounded to working precision.

An accurate Estrin scheme implemented in double-double arithmetic was also
considered. We derived its forward error bound, distinguishing the cond(p, ) -
O(u?) bound for the double-double pair result from the additional order-u term
introduced when that pair is finally rounded back to binary64. Its behavior has
been compared numerically with the standard and compensated Estrin schemes
on a classical ill-conditioned test family. The numerical experiments confirm that
the compensated Estrin scheme substantially improves the accuracy compared to
the standard Estrin scheme, while producing errors close to those of the double-
double Estrin implementation. In the scalar pure timing benchmark, it also has
a lower measured cost than the double-double Estrin baseline, and it is faster
than the software binary128 baseline on the tested platform.

Future work includes further optimization of the compensated Estrin
scheme for specific hardware architectures, such as GPUs and SIMD units, and

< u+ cond(p, z) - O(u?). (49)
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extensions of the compensation strategy to other classes of functions beyond
polynomials, for example rational functions or elementary functions implemented
via polynomial or rational approximations.
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